Second harmonic generation (SHG) polarization intensity distribution illuminated with radially polarized beams by lens focusing appears two peaks, when the nonlinear optical coefficients dominate that is relevant to the transverse electric field components. Such two peaks pattern may result in ghosting and the decrement of imaging resolution. In this paper, an elliptical mirror based system is proposed in the case of radially polarized beams illumination for SHG. The calculated predictions and numerical simulations demonstrate that for radially polarized beams, the proportion of transverse field components at the focal plane under the condition of elliptical mirror focusing is 2.6 times smaller than that with lens focusing when its numerical aperture (NA) is 1. Furthermore, the full width at half maximum (FWHM) of the total field intensity profile is approximately 81% of that in a lens focusing system. Due to the enhancement of longitudinal components of incident field, the distribution of SHG polarization presents a singlepeak pattern, in which two peaks can be observed with lens focusing. The SHG polarizations in collagen fiber, KTiOPO 4 , and LiNbO 3 have been numerical simulated and discussed in detail to verify the validity of the proposed method.
Introduction
When the energy density at the focal spot of a microscope is sufficiently large, nonlinear optical effects such as, harmonic generation, can be observed. Among these, SHG has been one of the most used. SHG is a frequency doubling process which can take place in a microscope using ultrashort laser pulses in the near-infrared range. There is no fluorescence label and energy absorption in SHG microscopy, which will cause no photodamage to biological samples (Stoller et al., Chu et al., 2004; Yasui et al., 2004) . SHG has been widely applied in microscopy imaging, such as rat-tail tendon collagen (Stoller et al., 2002a,b) , collagen-based ocular tissues (Han et al., 2005; Bueno et al., 2017) , tumours , muscle (Both et al., 2004) and the microstructure of nanodevices (Bautista et al., 2013; Bautista et al., 2015; Butet et al., 2015) . SHG only occurs within localized interaction region and has the ability to identify structural changes through the resolution of the tensor components of SHG emitting structure. SHG intensity has a quadratic dependence with the incident laser power. SHG polarization depends on the nonlinear second-order susceptibility tensor and the polarization of the incident field. By virtue of the nonlinear effects, SHG microscopy can circumvent the diffraction limit based on linear optics. From another point of view, resolution is enhanced as nonlinear processes are excited most efficiently in the region of maximum intensity of a focused laser beam.
Polarization vortices exist in the focus of a class of vector beams. In the case of high NA, these beams are known to exhibit large, local, longitudinal fields in the focal region (Biss & Brown, 2003) . Compared to linearly polarized incident beams, radially polarized beams exhibit vector symmetry about the axis of propagation of the beam and the focus spot size is below diffraction limit. Moreover, the strong longitudinal field components play an important role in SHG via the nonlinear susceptibility (Yew & Sheppard, 2006; Yew & Sheppard, 2013) . The smooth surface SHG responses are primarily excited by the longitudinal field components which is perpendicular to the surface (Biss & Brown, 2003; Wang et al., 2016) .
Radially polarized incident beams focused by lens have been introduced into the SHG excited from collagen fibers (Yew & Sheppard, 2007) , ZnSe crystal (Ohtsu et al., 2010) , metallic octamer (Xiao et al., 2018) , and nano-objects (Bautista et al., 2012; Huo et al., 2012; Bautista et al., 2013; Bautista et al., 2015; Wang et al., 2017) . However, many researches focus on the advantages of longitudinal field components Fig. 1 . Illustration of the focused electric field calculation model with radially polarized beams in elliptical mirror based system. Axis-Z is the propagation direction of rays. θ is the imaging aperture angle of elliptical mirror at point F 2 . α is the aperture angle of aplanatic lens. φ is the position angle of meridional plane with respect to the X-Z plane. F 1 , F 2 are the conjugate foci of elliptical mirror.
and neglect the effect of transverse field components. The transverse components of electric field near focus present onaxis energy null and annular intensity distribution. For the material such as KTiOPO 4 , whose nonlinear optical coefficients relevant to the transverse electric field components are much greater than other coefficients (Vanherzeele & Bierlein, 1992) , SHG polarization pattern produced with the radially polarized beams by lens focusing system appears two peaks, which may result in ghost image (Hashimoto et al., 2009 ) and the decrement of imaging resolution. Although amplitude is weak, the transverse field components still lead to a two peaks pattern via nonlinear susceptibility. The two peaks pattern can be removed by restraining transverse field components further.
On the other hand, the high NA of objective is crucial to SHG. Traditional refractive objectives have a maximum theoretical aperture angle of π/2, although this limit is rarely achieved in practice. The use of parabolic and elliptical mirrors have been proposed in confocal microscopy and spectroscopy in order to enlarge the NA to a value close to 1.0 (Liu et al., 2012) , and because they are also free from chromatic aberration. Especially, compared to lens focusing, the longitudinal field components of the radially polarized beams focused by elliptical mirror are stronger and focus spot is tighter (Liu et al., 2013) .
Therefore, the method of SHG in elliptical mirror based system with radially polarized beams illumination is proposed. After routine beam isolation and conditioning, the beam is directed to a polarization mode converter to obtain radially polarized excitations. An aplanatic lens is used to focus the beam onto a focus of the elliptical mirror, and the sample mounted on a three-axis piezo-scanning stage is placed in another focus. The backscattered SHG signal is extracted and collected to realize SHG imaging. The proposed method can be used for the SHG excited from various materials, including the samples whose nonlinear optical coefficients relevant to the transverse electric field components dominate. The polarization intensity distributions of SHG in collagen fiber, KTiOPO 4 , and LiNbO 3 will be discussed.
Theory
Based on Richards and Wolf diffraction integrals (Richards & Wolf, 1959) , the optical field distribution at the focal plane of an aplanatic lens for radially polarized incident beams has been developed by Youngworth & Brown (2000) . The intensity distribution of the longitudinal components and the transverse components can be calculated according to the vectorial expressions.
Elliptical mirror provides an ideal imaging at its two conjugate foci; a, b and c are defined in elliptical mirror function (x 2 + y 2 )/b 2 + (z − c) 2 /a 2 = 1, where a and b are the lengths of long and short axes of an elliptical mirror, and c = (a 2 − b 2 ) 1/2 . As shown in Figure 1 , a point-like source at F 1 is supposed to be a tight spot focused by an aplanatic lens. The sample is placed in another focus F 2 . Under the condition of radially polarized beams illumination, the electric field near focus F 2 consists of longitudinal and transverse components. The transverse and longitudinal components can be written as (Richards & Wolf, 1959; Youngworth & Brown, 2000; Liu et al., 2013) where
, f is the focal length of the aplanatic lens, α = arctan[(t − 2c)·tanθ /t], t is the distance between point M and F 1 along axis-Z and t = [a 2 c·tan2θ + ab
is the amplitude function in terms of α, θ is the imaging aperture angle of elliptical mirror, θ max is the maximum of θ , which is determined by the NA of elliptical mirror, and θ max = arcsin(NA/n), n is the refractive index of medium, k is the wave number, and k = 2π/λ, λ is wavelength of the incident beams, ρ s is the transverse coordinate of the focus region and z s is the longitudinal coordinate respectively. J n (k·ρ s ·sinθ ) denotes a Bessel function of the first kind, of order n.
SHG polarization is not only determined by the distribution of electric field near focus, but also depends on the nonlinear susceptibility tensor of the medium. χ (2) is a third-order tensor with 27 separate elements. When the frequency of the laser light source is far away from the resonant frequency of the sample, the number of nonzero elements in this tensor reduces to 18 or less according to Kleinmann's symmetry (Kleinmann, 1962) . SHG intensity varies as the square of the electric field intensity in focal region. SHG polarization can be expressed as
The equations indicate that each SHG polarization component is induced through all excitation field components in different polarization orientation. Besides, SHG polarization can be induced through the 'cross-components' E i E j (iࣔj). These terms mean that two orthogonally directed excitation fields combine to produce SHG signal.
The total intensity of SHG polarization can be expressed as In Eq. (3), all the contributions of the induced SHG polarization are included. The total intensity is the sum of the square of the norm of SHG polarization components and the distribution is quite different when the dominant component changes. According to Eqs. (2) and (3), the two peaks pattern can be explained qualitatively. Supposing that d xxx is much greater than other nonlinear optical coefficients, d xxx E x E x will be the dominant term. The distribution of SHG polarization will be detemined by the transverse components of the incident electric field.
Simulation
In order to verify the superior performance of the method with elliptical mirror focusing, the patterns of SHG polarization focused by conventional lens and elliptical mirror are simulated.
As expressed by [(a + c)/(a − c)]·[(sinα·dα)/(sinθ ·dθ )]
1/2 , the apodization function of elliptical mirror cannot be explicitly determined until parameters of a mirror function are given. After optimization, the elliptical mirror is set to be a = 500 mm, b = 300 mm, c = 400 mm and NA = 1. For l 0 (α), the Bessel-Gauss solution of Jordan and Hall is applied (Jordan & Hall, 1994; Youngworth & Brown, 2000) :
where α max is the maximum of α, which is determined by θ max . β 0 is the ratio of the pupil radius and the beam waist, and is set to 1. All length measurements are in units of wavelength. Figure 2 reveals the intensity (I = |E| 2 ) distribution of the transverse and longitudinal electric field components, and the total electric field intensity at the focal plane with radially polarized beams. The total electric field is vector sum of the transverse and longitudinal components. components, the on-axis energy null and annular intensity distribution, characteristics of axially symmetric beams, are obvious in each discussed focusing condition. While the longitudinal field components are much stronger than the transverse field components and show an axial convergence.
For the sake of comparison, the profiles of normalized electric field intensity in the y = 0 cross section under lens and elliptical mirror focusing are illustrated in Figures 3(A) and (B) , respectively. For both focusing conditions, the total intensity is mainly determined by the longitudinal components. However, there are obvious differences between the amplitudes of the transverse components. The amplitude of the transverse components focused by lens reaches 20.7% of the peak amplitude of total intensity. By contrast, the value is 7.9% in elliptical mirror system. Elliptical mirror system has strengthened the longitudinal components. Besides, the focusing spot of elliptical mirror system is tighter than that of lens, which means a better performance of focusing. SHG polarization which depends on the nonlinear susceptibility tensor of the medium is sensitive to the polarization state of the electric field near focus. A slight modulation of the polarization state of the incident electric field can result in significant influences on SHG signal.
Comparisons about the distributions of electric field intensity focused by lens and elliptical mirror with linear polarized beams and radially polarized beams are all shown in Figure 4 . As a whole, the FWHM of the normalized electric field intensity with radially polarized beams is smaller than that with linear polarized beams. However, the comparative results of different focusing methods are quite different between radially polarized and linear polarized beams. With radially polarized illumination, the FWHM of elliptical mirror focusing is smaller than that of lens focusing, which is contrary to the conclusion under linear polarized illumination. The radially polarized beams focused by elliptical mirror have the narrowest focus spot, and the FWHM is about 81% of that with lens focusing. Furthermore, the side lobes which denote noise are also important and the amplitude of the main side lobe relative to the peak amplitude of the main lobe should also be considered.
SHG is dependent on the optical properties of the material, facilitating KTiOPO 4 been widely used in wavelength conversions (Chen et al., 2016) . When the axis of symmetry coincides with the laboratory axis-X, the induced SHG polarization can be expressed as
The nonlinear optical coefficients d ijk (in pm/V) of KTiOPO 4 has been found accurately (Vanherzeele & Bierlein, 1992) As shown in Figure 6 , there are significant differences in total SHG polarization with different focusing methods for KTiOPO 4 . The intensity of SHG polarization is calculated according to Eq. (3). With lens focusing, the distribution appears two peaks, which may result in ghost image and decreasing the resolution of imaging. This result can be explained via the analysis of the nonlinear optical coefficients and the electric fields at the focus. As mentioned above, the transverse components of electric field at the focus show on-axis energy null and annular intensity distribution. Besides, d xxx is much greater than other nonlinear optical coefficients. The d xxx E x E x term is dominant, and the induced SHG polarization follows the property of transverse field components. Therefore, the SHG polarization distribution presents two peaks pattern. As a contrast, the longitudinal components of electric field focused by elliptical mirror are enhanced. It is not that the d xxx E x E x term is dominant but that the d xzz E z E z term is. The proportion of the longitudinal field components relative to the total electric field intensity are large enough to compensate the deficiency of d xzz . As a result, the induced SHG polarization follows the property of the longitudinal field components. The profiles of normalized SHG polarization intensity in y = 0 cross section are shown in Figure 6 (A). The FWHM with elliptical mirror focusing is about 78.5% of that with lens focusing (only considering one peak of the two peaks pattern), which means a much narrower energy distribution. However, the ratio of the amplitude of the main side lobe to the peak amplitude of the main lobe exceeds 25%, which means that the noise cannot be ignored.
In order to make sure that the method with elliptical mirror focusing can be applied universally in various kinds of materials, SHG in collagen is analyzed in detail. Collagen is a very good second harmonic generator, and the tensor of collagen is described as C 6 tensor (Roth & Freund, 1979; Stoller et al., 2002a,b; Chu et al., 2004; Williams et al., 2005) . When the axis of symmetry coincides with the laboratory axis-X, SHG polarization can also be written as Eq. (5). The relative values of d ijk (relative to d xzz ) have been measured experimentally (Chu et al, 2004) , and d xzz = d xyy = 1, d xxx = 0.09, d yyx = d zzx = 1.15. With elliptical mirror focusing, the induced SHG polarization is calculated with the assumption that the C 6 structure is valid at the focal plane. are not large enough to determine the total SHG polarization distribution. The intensity distributions of the induced total SHG polarization are shown in Figure 8 . They both present a singlepeak pattern with lens focusing or elliptical mirror focusing. The reason can also be found from Eq. (5) and the values of the associated d coefficients. For radially polarized illumination, the longitudinal electric field components dominate at the focal plane, and its contribution is concentrated within a small spot centered on the optic axis. As d xzz E z E z term is much larger than other terms, the total SHG polarization intensity distribution is also concentrated on the optic axis. It is worth noting that the induced SHG polarization by elliptical mirror focusing is more concentrated compared to lens focusing. A tighter SHG polarization distribution means a better imaging performance. The normalized SHG polarization intensity profiles in y = 0 cross section are shown in Figure 8 (A). The FWHM with elliptical mirror focusing is about 69% of that with lens focusing. Meanwhile, the amplitudes of the main side lobe are both in a fairly low level, which means that there is a high signal-to-noise ratio in SHG imaging under this case. It can be seen clearly that the pattern of SHG polarization has been significantly improved with the elliptical mirror focusing.
Discussion
The focused radially polarized beams have strong longitudinal components. However, with lens focusing, the proportion of the amplitudes of the transverse components in the total electric field still exceeds 21% under the condition of NA = 1. When the nonlinear optical coefficients relevant to the transverse components are dominant, the distribution of the SHG polarization may be far away from single-peak pattern. In order to maintain single-peak pattern, it is necessary to enhance the longitudinal field components. With elliptical mirror focusing, the proportion of the amplitudes of the transverse components in the total electric field is reduced to 8%. A modification of the longitudinal components results in significant changes in the SHG polarization of KTiOPO 4 . With lens focusing, the SHG polarization pattern includes two peaks, with the FWHM of each peak being 0.28 λ. As for elliptical mirror focusing, there is just a single peak in which the FWHM is only 0.22 λ. When the nonlinear optical coefficients relevant to the longitudinal components are dominant, the distribution of the SHG polarization is a single-peak pattern, regardless of the focusing methods. Such as LiNbO 3 , the nonlinear optical coefficient d zzz is much greater than other nonlinear optical coefficients (Roberts, 1992) . The effect can be ignored when the longitudinal components of electric field are enhanced. For the mentioned above samples, the FWHMs of the SHG polarization intensity distributions are shown in Table 1 . It should be emphasized that the FWHM (0.28 λ) of lens focusing on KTiOPO 4 is obtained by only considering one peak of the two peaks pattern.
With elliptical mirror focusing, the SHG polarization pattern in every mentioned sample has only one peak and the FWHM compresses in different degrees. Especially for KTiOPO 4 , the pattern of SHG polarization is totally different compared to lens focusing. However, the noise cannot be neglected in this case. For this reason, an elliptical mirror based system with annular aperture illumination is introduced (Lerman & Levy, 2008) . A higher signal-to-noise ratio will be obtained in SHG imaging. As illustrated in Figure 9 , when the maximum aperture angle is set to π/2 and the minimum to π/4, the main side lobe level varies from 25% to 9% on the expense of decreasing efficiency.
Conclusion
A novel focusing system with elliptical mirror has been proposed in SHG microscopy. This method can be used for SHG in various materials. The vector model of SHG polarization under radially polarized excitations with elliptical mirror focusing is established. The theoretical analysis results demonstrate that, for those samples whose nonlinear optical coefficients relevant to the transverse electric field components dominate, the SHG polarization distribution still presents a single-peak pattern with the proposed method. Hence, the ghosting in SHG imaging can be avoided. The FWHM of SHG polarization distribution in KTiOPO 4 is about 78.5% of that with lens focusing when NA = 1. For collagen, the reduction ratio is 69.4%. Besides, there is a significant improvement on signal-to-noise ratio in SHG imaging when an annular aperture illumination is applied. In addition, the focusing mode with elliptical mirror can be utilized in other nonlinear optics areas such as polarized third harmonic generation (THG) measurements and two-photon fluorescence (TPF) microscopy.
